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We present an application of variational-wavelet analysis to qua-
siclassical calculations of solutions of Wigner equations related to
nonlinear (polynomial) dynamical problems. (Naive) deformation
quantization, multiresolution representations and variational ap-
proach are the key points. Numerical calculations demonstrates
pattern formation from localized eigenmodes and transition from
chaotic to localized (waveleton) types of behaviour.
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We present an application of variational-wavelet analysis to quasiclassical calculations of solutions of Wigner
equations related to nonlinear (polynomial) dynamical problems. (Naive) deformation quantization, multiresolu-
tion representations and variational approach are the key points. Numerical calculations demonstrates pattern
formation from localized eigenmodes and transition from chaotic to localized (waveleton) types of behaviour.
In this paper we consider the applications of nu-
merical-analytical technique based on local non-
linear harmonic analysis (wavelet analysis) to
quasiclassical quantization of nonlinear (polyno-
mial/rational) dynamical problems which appear
in many areas of physics. Our starting point is
the general point of view of deformation quanti-
zation approach at least on naive Moyal level [1].
So, for quantum calculations we need to find an
associative (but non-commutative) star product
∗ on the space of formal power series in h¯ with
coefficients in the space of smooth functions such
that f ∗ g = fg + h¯{f, g}+
∑
n≥2 h¯
nBn(f, g).
In this paper we consider calculations of Wigner
functions W (p, q, t) (WF) as the solution of Wig-
ner equation [1]
ih¯
∂
∂t
W = H ∗W −W ∗H (1)
corresponding to polynomial Hamiltonians
H(p, q, t). In general, equation (1) is nonlo-
cal (pseudodifferential) for arbitrary Hamiltoni-
ans but in case of polynomial Hamiltonians we
have only a finite number of terms in the corre-
sponding series. For example, in stationary case
after Weyl-Wigner mapping we have the following
equation on WF in c-numbers [1]:
( p2
2m
+
h¯
2i
p
m
∂
∂q
−
h¯2
8m
∂2
∂q2
)
W (p, q) + (2)
U
(
q −
h¯
2i
∂
∂p
)
W (p, q) = ǫW (p, q)
and after expanding the potential U into the Tay-
lor series we have two real finite partial differ-
ential equations. Our approach is based on ex-
tension of our variational-wavelet approach [2],
[3]. Wavelet analysis is some set of mathematical
methods, which gives us the possibility to work
with well-localized bases in functional spaces and
gives maximum sparse forms for the general type
of operators (differential, integral, pseudodiffer-
ential) in such bases. We decompose the solutions
of (1), (2) according to underlying hidden scales
[2], [3] as
W (t, q, p) =
∞⊕
i=ic
δiW (t, q, p) (3)
where value ic corresponds to the coarsest level of
resolution c in the full multiresolution decomposi-
tion Vc ⊂ Vc+1 ⊂ Vc+2 ⊂ . . .. As a result the solu-
tion of any Wigner-like equations has the follow-
ing multiscale/multiresolution decomposition via
nonlinear high-localized eigenmodes, which cor-
responds to the full multiresolution expansion in
all underlying scales starting from coarsest one
(polynomial tensor bases are introduced in [3];
x = (x, y, px, py) e.g.):
W (t,x) =
∑
(i,j)∈Z2
aijU
i ⊗ V j(t,x), (4)
V j(t) = V j,slowN (t) +
∑
l≥N
V
j
l (ωlt), ωl ∼ 2
l
U
i(x) = Ui,slowM (x) +
∑
m≥M
U
i
m(kmx), km ∼ 2
m
3Formula (4) gives the expansion into the slow
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Figure 1. Localized mode contribution to Wigner
function.
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Figure 2. Chaotic-like Wigner function.
part and fast oscillating parts for arbitrary N, M.
So, we may move from coarse scales of resolution
to the finest one for obtaining more detailed infor-
mation about our dynamical process. In contrast
with different approaches formulae (3), (4) do not
use perturbation technique or linearization pro-
cedures. So, by using wavelet bases with their
best (phase) space/time localization properties
we can describe localized (coherent) structures
in quantum systems with complicated behaviour.
Modeling demonstrates the appearance of stable
patterns formation from high-localized coherent
structures or chaotic behaviour. Our (nonlinear)
eigenmodes are more realistic for the modelling
of nonlinear classical/quantum dynamical process
than the corresponding linear gaussian-like coher-
ent states. Here we mention only the best conver-
gence properties of expansions based on wavelet
packets, which realize the minimal Shannon en-
tropy property and exponential control of con-
vergence based on the norm introduced in [3].
Fig. 1 shows the high-localized eigenmode con-
tribution to WF, while Fig. 2, 3 gives the repre-
sentations for full solutions, constructed from the
first 6 eigenmodes and demonstrate stable local-
ized pattern formation (waveleton) and chaotic-
like behaviour outside of KAM-like region. We
can control the type of behaviour on the level of
reduced algebraical variational system [3].
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Figure 3. Localized pattern-like (waveleton)Wig-
ner function.
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